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A generalization of the topological Brauer group
A.V. Ershov
Abstract
In the present paper we study some homotopy invariants which can be defined
by means of bundles with fiber a matrix algebra. In particular, we introduce some
generalization of the Brauer group in the topological context and show that any
its element can be represented as a locally trivial bundle with the structure group
N
×
k , k ∈ N . Finally, we discuss its possible applications in the twisted K-theory.
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Introduction
The aim of this paper is to study different homotopy invariants of CW -complexes which
can be constructed by means of locally-trivial bundles with fiber a matrix algebra. An
1
example of such invariant is the first obstruction for an embedding of a locally-trivial
matrix algebra bundle into a trivial one (under some extra conditions which will be
formulated below). Another invariant we shall deal with is a homotopy functor GBr
which can be treated as a generalization of the classical “topological” Brauer group.
So let us remember the basic idea of the Brauer group.
Suppose X is a finite CW -complex. The topological Brauer group Br(X) can be
defined as the group of equivalence classes of locally-trivial bundles Ak over X with
fibers Mk(C) (for arbitrary k ∈ N) with respect to the following equivalence relation:
Ak ∼ Bl ⇔ Ak ⊗ End(ξm) ∼= Bl ⊗ End(ηn)
for some complex vector bundles ξm, ηn of rank m, n respectively (in particular, km =
ln). Roughly speaking, we can say that Br(X) is the group of obstructions for the
lifting of locally trivial bundles Ak over X with fiber the matrix algebra Mk(C) to
bundles of the form End(ξk) for some locally trivial Ck-bundle ξk over X.
In order to define the generalized Brauer group GBr for any natural k we introduce
some C∗-algebra Nk ⊂ Mk(B(H)), where B(H) is the algebra of bounded operators in a
separable complex Hilbert spaceH , and consider bundles with the group of its invertible
elements N
×
k as a structure group. Some of such bundles come from finite-dimensional
vector bundles due to a group homomorphism U(k) → N
×
k . The generalized Brauer
group is just the group of equivalence classes of N
×
k -bundles modulo those that come
from finite-dimensional vector bundles.
According to a classical theorem of J.-P. Serre, there is an isomorphism Br(X) ∼=
H3tors(X ; Z) [7]. In other words, all obstructions for the lifting of locally-trivial bundles
Ak over X with fiber Mk(C) to bundles of the form End(ξk) are independent of the
higher-dimensional integer cohomology of dimensions greater than 3. In contrast to the
classical case, the generalized Brauer group GBr(X) actually depends on the higher-
dimensional cohomology H2i+1tors (X ; Z), i ≥ 2. On the other hand, just as in the classical
group Br(X), any element of GBr(X) has finite order.
The last part of the paper is motivated by the recent progress in the twisted K-
theory. For any bundle with the structure group N
×
k we define the corresponding
twisted K-group. We hope that our approach will provide an interesting example of
more general twistings than the ones considered up to now.
Acknowledgments I am grateful to E.V. Troitsky for constant attention to this work
and all-round support and to V.M. Manuilov and A.S. Mishchenko for very helpful
discussions.
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1 Matrix Grassmannians
In this section we give definitions of objects we shall deal with below. More precisely,
we start with so-called “matrix Grassmannians” (which play the same role for matrix
algebras as the usual Grassmannians for vector spaces) and try to develop a theory
of matrix algebra bundles by analogy with the classical theory of vector bundles. We
restrict ourselves to considering a special class of matrix algebra bundles (so-called
“floating” bundles), because only in this case we avoid the localization (hence a trivi-
alization) of their theory. Finally in this way we obtain an invariant of CW -complexes
closely connected with the usual K-theory (cf. Theorem 21).
Note that in the course of the paper the basic field is C.
1.1 Basic definition
Let us remember that the Grassmannian Gk, n, 0 ≤ k ≤ n is a homogeneous space
parameterizing k-dimensional subspaces in the fixed n-dimensional vector space Cn.
By analogy with this definition we introduce a “matrix Grassmannian” which pa-
rameterizes central matrix subalgebras of a given dimension in the fixed matrix algebra.
First, remember that a central subalgebra is a subalgebra whose center coincides
with the center of the whole algebra (i.e. with the field of scalar matrices in the case of
matrix algebras). In particular, the identity matrix of the “big” algebra is the identity
element of any central subalgebra. By Mn(C) denote the algebra of all n× n matrices
over C.
A central subalgebra in Mn(C) isomorphic to Mk(C) is called a k-subalgebra, for
short. Note that such a subalgebra exists only if k|n, i.e. n = kl for some natural l.
Definition 1. The matrix Grassmannian Gr′k, l is a homogeneous space which
parametrizes k-subalgebras in a fixed matrix algebra Mkl(C).
Proposition 2. For any pair k, l > 1 there exists the matrix Grassmannian Gr′k, l.
Proof follows from Noether-Skolem’s theorem [10], § 12.6. 
Noether-Skolem’s theorem also implies that Gr′k, l is a homogeneous space of the
group PGLkl(C) represented as follows:
Gr′k, l = PGLkl(C)
/
PGLk(C)⊗ PGLl(C),
where PGLk(C)⊗PGLl(C) denotes the image of the embedding PGLk(C)×PGLl(C) →֒
PGLkl(C) induced by the Kronecker product of matrices.
There is a tautological Mk(C)-bundle over the matrix Grassmannian Gr
′
k, l whose
total space A′k, l is defined in the following way:
A′k, l := {(x, T ) | x ∈ Gr
′
k, l, T ∈Mk, x} ⊂ Gr
′
k, l×Mkl(C),
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where Mk, x ⊂ Mkl(C) denotes the k-subalgebra corresponding to a point x ∈ Gr
′
k, l,
and the projection is induced by the projection of the trivial bundle onto the first
factor.
The noncompact space Gr′k, l can be replaced by a homotopy equivalent compact
one Grk, l . More precisely, consider the “standard” Hermitian metric 〈A, B〉 = tr(AB
t
)
on Mkl(C). We say that a k-subalgebra Mk, x ⊂ Mkl(C) is unitary if Mk, x =
g(Mk(C)⊗
C
CEl)g−1 for some g ∈ U(kl), where Mk(C)⊗
C
CEl ⊂ Mkl(C) is the “stan-
dard” k-subalgebra.
Let PU(n) be the projective unitary group, i.e. the quotient group
U(n)/{exp(iϕ)En | ϕ ∈ R}. Put
Grk, l := PU(kl)
/
PU(k)⊗ PU(l).
Obviously, it is a subspace in Gr′k, l which parameterizes unitary k-subalgebras.
In just the same way as in the noncompact case, one can define the tautological
Mk(C)-bundle Ak, l ⊂ Grk, l×Mkl(C) over Grk, l.
Recall that the group U(n) (PU(n)) is a strong deformation retract of GLn(C)
(PGLn(C) respectively). Hence there is a homotopy equivalence Grk, l ≃ Gr
′
k, l. Because
of this equivalence, we shall not distinguish these spaces below.
1.2 Floating algebra bundles
The classical Grassmannians are classifying spaces for vector bundles. In this subsec-
tion we introduce a class of bundles that are classified by matrix Grassmannians Grk, l
(under the extra condition (k, l) = 1 whose sense will be clarified below).
Let X be a finite CW -complex. By M˜n denote a trivial bundle (over X) with fiber
Mn(C) (note that in general a trivialization on M˜n is not supposed to be given).
Definition 3. Let Ak (k > 1) be a locally trivial bundle over X with fiber Mk(C).
Assume that there is a bundle map µ
Ak
µ //
  @
@@
@@
@@
@ M˜kl
~~||
||
||
||
X
such that for any point x ∈ X it embeds the fiber (Ak)x ∼= Mk(C) into the fiber
(M˜kl)x ∼= Mkl(C) as a central simple subalgebra, and the positive integers k, l are
relatively prime (i.e. their greatest common divisor (k, l) = 1 ) . Then the triple
(Ak, µ, M˜kl) is called a floating algebra bundle (abbrev. FAB) over X . The locally
trivial bundle Ak is called a core of the FAB (Ak, µ, M˜kl).
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Remark 4. Let A be a central simple algebra over a field K, B ⊂ A a central simple
subalgebra in A. It is well known that the centralizer ZA(B) of B in A is a central
simple subalgebra in A again, moreover, the equality A = B⊗
K
ZA(B) holds [10], § 12.7.
Taking centralizers for all fibers of the subbundle Ak ⊂ M˜kl in the corresponding fibers
of the trivial bundle M˜kl, we get the complementary subbundle Bl with fiber Ml(C)
together with its embedding ν : Bl →֒ M˜kl. Moreover, Ak ⊗ Bl = M˜kl.
Conversely, to a given pair (Ak, Bl) consisting of Mk(C)-bundle Ak and Ml(C)-
bundle Bl over X such that Ak ⊗ Bl = M˜kl, we can construct a unique triple
(Ak, µ, M˜kl), where µ is the embedding Ak →֒ Ak ⊗Bl, a 7→ a⊗ 1Bl.
Definition 5. A morphism from a FAB (Ak, µ, M˜kl) to a FAB (Cm, ν, M˜mn) over X
is a pair (f, g) of bundle maps f : Ak →֒ Cm, g : M˜kl →֒ M˜mn such that
• f, g are fiberwise homomorphisms of central algebras (i.e. they actually are
embeddings);
• the square diagram
M˜kl
g // M˜mn
Ak
µ
OO
f // Cm
ν
OO
commutes;
• let Bl ⊂ M˜kl, Dn ⊂ M˜mn be the complementary subbundles for Ak, Cm, respec-
tively (see the remark above), then g maps Bl into Dn.
Note that a morphism (f, g) : (Ak, µ, M˜kl)→ (Cm, ν, M˜mn) exists only if k|m, l|n.
In particular, an isomorphism between FABs (Ak, µ, M˜kl) and (Ck, ν, M˜kl) is a
pair of bundle maps f : Ak → Ck, g : M˜kl → M˜kl which are fiberwise isomorphisms of
algebras such that the diagram
M˜kl
g // M˜kl
Ak
µ
OO
f // Ck
ν
OO
commutes.
Clearly, FABs over X with just defined morphisms form a category FAB(X).
For a continuous map ϕ : X → Y we have the natural transformation
ϕ∗ : FAB(Y )→ FAB(X).
Suppose (k, l) = 1. Put M˜kl := Grk, l×Mkl(C). Note that there is the tautolog-
ical FAB (Ak, l, µ, M˜kl) over Grk, l, where µ is the natural inclusion existing by the
definition of Ak, l.
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Remark 6. Note once more that there are compact and noncompact versions of the
considered theory. In the first case we consider only unitary k-subalgebras and for any
x ∈ Grk, l the embedding µ|x : (Ak, l)x →Mkl(C) is a unitary map (with respect to the
standard Hermitian metrics).
Let Ψk, l(X) be the set of isomorphism classes of FABs of the form (Ak, µ, M˜kl)
over X . It is clear that for such a FAB there is a classifying map X → Grk, l (it can be
obtained by fixing a trivialization on M˜kl). Furthermore, the following assertion holds.
Proposition 7. ([3], Proposition 1.19) If dimX < 2min{k, l}, then the assignment
[X, Grk, l]→ Ψk, l(X), ϕ 7→ ϕ
∗(Ak, l, µ, M˜kl)
is a bijection.
1.3 The homogeneous space Hom(Mk(C), Mkl(C))
Fix a pair of coprime positive integers k, l. Consider the set Hom(Mk(C), Mkl(C)) of all
homomorphisms of matrix algebras that take the unit 1Mk(C) = Ek to the unit 1Mkl(C) =
Ekl. Since a matrix algebra is a simple ring, we see that any such a homomorphism is
an embedding.
There are two natural group actions on the set Hom(Mk(C), Mkl(C)). First, the
group PGLk(C) = Aut(Mk(C)) acts on Hom(Mk(C), Mkl(C)) as follows:
PGLk(C)× Hom(Mk(C), Mkl(C))→ Hom(Mk(C), Mkl(C)), (g, ϑ) 7→ ϑ ◦ g
−1. (1)
Secondly, the group PGLkl(C) = Aut(Mkl(C)) acts on Hom(Mk(C), Mkl(C)) in the
following way:
PGLkl(C)× Hom(Mk(C), Mkl(C))→ Hom(Mk(C), Mkl(C)), (g, ϑ) 7→ g ◦ ϑ. (2)
In particular, we have the corresponding action of the subgroup PGLk(C) = PGLk(C)⊗
El ⊂ PGLkl(C), where by ⊗ and El we denote the Kronecker product of matrices and
the unit l × l-matrix respectively.
Note that natural actions (1) and (2) do commute. Indeed, it is a general fact: to
given sets S and R and a mapping f : S → R one has (α ◦ f) ◦ β = α ◦ (f ◦ β) for all
α ∈ Σ(R), β ∈ Σ(S), where Σ(T ) is the group of all bijections of the set T .
We also can consider the set Hom(Mk(C), Mkl(C)) as a PGLk(C) and PGLkl(C)-
invariant subset in the vector space HomV ect.sp(L(Mk(C)), L(Mkl(C))), where L is the
forgetful functor which to a matrix algebra assigns its underlying vector space. If we
choose bases in L(Mk(C)) and L(Mkl(C)), we can identify the latter space with the
space of (kl)2× k2-matrices. Then actions (1) and (2) correspond to the right and left
multiplication by invertible k2 × k2 and (kl)2 × (kl)2-matrices respectively.
Now let us describe Hom(Mk(C), Mkl(C)) as a homogeneous space of the group
PGLkl(C).
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Definition 8. A k-frame in Mkl(C) is an ordered collection of k2 linearly independent
matrices {αi, j | 1 ≤ i, j ≤ k} such that αi, jαm,n = δjmαi, n for all 1 ≤ i, j, m, n ≤ k,
where δjm is the Kronecker delta-symbol, and
∑
1≤i≤k αi, i = Ekl, where Ekl ∈ Mkl(C)
is the unit matrix.
Clearly, every such a k-frame is a basis in a certain (uniquely determined by the
frame) central k-subalgebra in Mkl(C). For example, there is the “standard” k-frame
{ei, j | 1 ≤ i, j ≤ k}, where ei, j := Eij ⊗ El is the Kronecker product of a “matrix
unit” Eij of order k by the unit l × l matrix El. It is a frame in the subalgebra
Mk(C)⊗
C
CEl ⊂ Mkl(C). Applying Noether-Skolem’s theorem, we see that all k-frames
in Mkl(C) are conjugate to each other.
Thus, all k-frames in Mkl(C) form the homogeneous space
Frk, l := PGLkl(C)/Ek ⊗ PGLl(C).
The notation means that the group PGLl(C) is embedded into the group PGLkl(C) by
means of the Kronecker product of matrices X 7→ Ek ⊗X.
Proposition 9. The space Hom(Mk(C), Mkl(C)) is a homogeneous space over the
group PGLkl(C) with respect to the action (2). Furthermore, there is an isomorphism
of homogeneous spaces Hom(Mk(C), Mkl(C)) ∼= Frk, l.
Proof. Fix a k-frame α in Mk(C), i.e. an ordered collection of linearly independent
matrices {αi, j | 1 ≤ i, j ≤ k}, αi, j ∈ Mk(C) such that αi, jαr, s = δjrαi, s. Then we have
a one-to-one correspondence between homomorphisms h ∈ Hom(Mk(C), Mkl(C)) and
k-frames β in Mkl(C) given by h↔ β = h(α). 
In particular, the previous proposition equips the set Hom(Mk(C), Mkl(C)) with
the topology of homogeneous space.
The space Frk, l is the total space of the principal PGLk(C)-bundle
Frk, l
PGLk(C)
−→ Grk, l .
The fiber of this bundle over x ∈ Grk, l consists of all those k-frames that are contained
in the k-subalgebraMk, x ⊂Mkl(C) corresponding to x. The tautologicalMk(C)-bundle
Ak, l over Grk, l is associated with this principal bundle. Thus, the homogeneous space
Frk, l can be treated as the total space of the principal PGLk(C)-bundle Prin(Ak, l) →
Grk, l .
Remark 10. There is also a unitary analog of this notion. Clearly, the set of all unitary
k-frames in Mkl(C) (with respect to the standard Hermitian metric 〈A, B〉 = tr(AB
t
)
on Mkl(C)) is the homogeneous space Frk, l := PU(kl)/Ek⊗PU(l). It is the total space
of the following principal bundle
Frk, l
PU(k)
−→ Grk, l
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over the (compact) matrix Grassmannian Grk, l . The fiber of this bundle over x ∈ Grk, l
consists of all those unitary k-frames that are contained in the k-subalgebra Mk, x ⊂
Mkl(C) corresponding to x (recall that points x ∈ Grk, l correspond to unitary central
k-subalgebras in Mkl(C)). The tautologicalMk(C)-bundle Ak, l over Grk, l is associated
with this principal bundle.
Now note that there is a canonical FAB over Hom(Mk(C), Mkl(C)) = Frk, l whose
core (which is a trivial Mk(C)-bundle equipped with the canonical trivialization) is
defined as the subspace
{(h, h(T )) | h ∈ Hom(Mk(C), Mkl(C)), T ∈Mk(C)} ⊂ Hom(Mk(C), Mkl(C))×Mkl(C).
Obviously, this FAB is the pull-back of the tautological FAB (Ak, l, µ, M˜kl) under the
projection Frk, l → Grk, l . Note that the considered FAB over Hom(Mk(C), Mkl(C)) is
not trivial (see Definition 13 below) although its core is. The reason of this is that the
embedding µ is “twisted”.
Obviously, the assignment Mk(C) 7→ Hom(Mk(C), Mkl(C)) is functorial and there-
fore it can be transferred to locally trivial bundles with fiberMk(C). Thus, to any local-
ly trivial Mk(C)-bundle Ak over X we assign the locally trivial Hom(Mk(C), Mkl(C))-
bundle (over the same base X). The obtained bundle we denote by Hk, l(Ak). In
particular, Hk, l(Mk(C)) ∼= Frk, l, where Mk(C) is regarded as a trivial bundle over a
point.
In terms of structure groups, the bundle Hk, l(Ak) is associated with the same
principal PGLk(C)-bundle as Ak, using the action (1).
1.4 The Hom(Mk(C), Mkl(C))-bundle Hk, l(Aunivk )
p
→ BPU(k)
By Aunivk denote the universal Mk(C)-bundle over BPU(k) (it is a locally trivial bundle
with the structure group PU(k) ≃ PGLk(C) = Aut(Mk(C))). In this subsection we
study the Hom(Mk(C), Mkl(C))-bundle Hk, l(Aunivk )
p
→ BPU(k).
Let tk, l : Grk, l → BPU(k) be the classifying map for Ak, l as a bundle with the
structure group PGLk(C). Recall that the mapping tk, l can be considered as a fibration
in Homotopy Category.
First note that there is the canonical embedding p∗(Aunivk )
µ˜
→֒ Hk, l(A
univ
k )×Mkl(C)
given by (h, a) 7→ (h, h(a)), where a ∈ (Aunivk )x, h ∈ Hom((A
univ
k )x, Mkl(C)). Thus the
canonical FAB (p∗(Aunivk ), µ˜, Hk, l(A
univ
k )×Mkl(C)) over Hk, l(A
univ
k ) is defined.
Theorem 11. The total space Hk, l(A
univ
k ) is homotopy equivalent to the matrix Grass-
mannian Grk, l . Moreover, the bundle projection Hk, l(A
univ
k )
p
→ BPU(k) can be identi-
fied with the classifying map tk, l under this homotopy equivalence.
This theorem is a consequence of the following proposition.
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Let X be a finite CW -complex. Consider the set Sk, l(X) of equivalence classes
of FABs of the form (Ak, µ, M˜kl) over X with respect to the following equivalence
relation:
(Ak, µ, M˜kl) ∼ (A
′
k, µ
′, M˜kl)⇔
there is a fiberwise homotopy M : Ak × I → M˜kl such that
M |Ak×{0} = µ, M |Ak×{1} : Ak
∼=
→ µ′(A′k) ⊂ M˜kl
(in particular, Ak ∼= A
′
k and moreover (Ak, µ, M˜kl)
∼= (A′k, µ
′, M˜kl)).
Proposition 12. The spaces Grk, l andHk, l(A
univ
k ) both represent the homotopy functor
X 7→ Sk, l(X).
Proof. For Grk, l this is clear. Consider Hk, l(A
univ
k ). Suppose (Ak, µ, M˜kl) ∼
(A′k, µ
′, M˜kl) and ϕ0, ϕ1 : X → Hk, l(A
univ
k ) are classifying maps for
(Ak, µ, M˜kl), (A
′
k, µ
′, M˜kl) respectively. We have to construct a homotopy Φ
between ϕ0 and ϕ1.
Put ϕ¯i := p ◦ ϕi, i = 0, 1, where p : Hk, l(A
univ
k ) → BPU(k) is the projection.
Since Ak ∼= A
′
k, we have a homotopy Φ¯ : X × I → BPU(k) between ϕ¯0 and ϕ¯1. This
(together with the covering homotopy property) shows that without loss of generality
we can assume that ϕ¯0 = ϕ¯1 =: ϕ¯. In other words, Ak = A
′
k = ϕ¯
∗(Aunivk ) andM defines
a homotopy between µ : Ak → M˜kl and µ
′ : Ak → M˜kl (indeed, such a homotopy can be
chosen as the composition M ◦α, where α : Ak
∼=
→ A′k is an arbitrary isomorphism). We
have the bundle map ϕ˜ : Hk, l(Ak)→ Hk, l(A
univ
k ) which covers ϕ¯ : X → BPU(k). There
is the natural one-to-one correspondence between sections of the bundle Hk, l(Ak)→ X
and embeddings Ak →֒ M˜kl = X×Mkl(C) and also between corresponding homotopies.
Let σi, i = 0, 1 be the sections corresponding to µ, µ
′ respectively. Therefore the
homotopy M gives us a homotopy ς between σ0 and σ1. Finally, the composite map
ϕ˜ ◦ ς : X × I → Hk, l(A
univ
k ) is the required homotopy between the classifying maps
ϕ0 : X → Hk, l(A
univ
k ) and ϕ1 : X → Hk, l(A
univ
k ).
Now the converse assertion is clear.
Since the both spaces represent the same homotopy functor, there is a homotopy
equivalence Hk, l(A
univ
k ) ≃ Grk, l . 
Thus, we see that a lifting in the bundle Hk, l(A
univ
k )→ BPU(k) and an embedding
of a locally trivial algebra bundle Ak into a trivial one (with fiber Mkl(C)) are the
same things. This will be useful for the study of obstructions for such an embedding
in Subsection 3.2.
Now let us describe the homotopy equivalence Grk, l ≃ Hk, l(A
univ
k ) more explicitly.
Obviously, the canonical embedding
p∗(Aunivk )
µ˜
→֒ Hk, l(A
univ
k )×Mkl(C)
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determines the map ϕ : Hk, l(A
univ
k ) → Grk, l such that ϕ
∗(Ak, l, µ, Grk, l×Mkl(C)) =
(p∗(Aunivk ), µ˜, Hk, l(A
univ
k )×Mkl(C)), where (Ak, l, µ, Grk, l×Mkl(C)) is the tautological
FAB over Grk, l. (Indeed, ϕ can be defined as follows. To a given h ∈ Hk, l(A
univ
k ) the
image µ˜(p∗(Aunivk )h) ⊂ Mkl(C)
∼= {h} ×Mkl(C) is a subalgebra isomorphic to Mk(C).
We put ϕ(h) = α ∈ Grk, l, where α is the point corresponding to the k-subalgebra
µ˜(p∗(Aunivk )h) ⊂Mkl(C).) Since tk, l : Grk, l → BPU(k) is a classifying map for Ak, l, we
have p ≃ tk, l ◦ ϕ.
From the other hand, we have the fibration
Frk, l → Grk, l
tk, l
−→ BPU(k).
The embedding µ : Ak, l →֒ Grk, l×Mkl(C) gives us a lifting ψ : Grk, l → Hk, l(Aunivk ) of
tk, l. (Indeed, for α ∈ Grk, l, tk, l(α) = x we put ψ(α) = h, where h ∈ (Hk, l(A
univ
k ))x =
Hom((Aunivk )x, Mkl(C)) = Hom((Ak, l)α, Mkl(C)) is the homomorphism defined by µ|α).
Clearly, ψ∗(p∗(Aunivk ), µ˜, Hk, l(A
univ
k )×Mkl(C)) = (Ak, l, µ, M˜kl). In particular, p◦ψ ≃
tk, l.
We have already observed that since the both spacesHk, l(A
univ
k ) and Grk, l represent
the same homotopy functor, they are homotopy equivalent to each other. Moreover it is
easy to see that the above constructed maps ϕ : Hk, l(A
univ
k ) → Grk, l and ψ : Grk, l →
Hk, l(A
univ
k ) are the desired homotopy equivalences, ψ ◦ ϕ ≃ idHk, l(Aunivk ), ϕ ◦ ψ ≃
idGrk, l . 
Thus, we can identify the fibrations (in Homotopy Category)
Frk, l → Grk, l
tk, l
−→ BPU(k)
and
Frk, l → Hk, l(A
univ
k )
p
→ BPU(k).
2 The functor represented by the H-space Gr
In this section we give a brief survey of the stable theory of floating algebra bundles.
We do this because this theory is needed to motivate the definition of the generalized
Brauer group in Subsection 3.3 (see for example Theorem 43 and its corollary). For
more details see [3], Ch.2.
2.1 The stable equivalence of FABs
Define the product ◦ of two FABs over X (Ak, µ, M˜kl), (Bm, ν, M˜mn) such that
(km, ln) = 1 as
(Ak, µ, M˜kl) ◦ (Bm, ν, M˜mn) := (Ak ⊗ Bm, µ⊗ ν, M˜kl ⊗ M˜mn)
(notice that M˜kl ⊗ M˜mn = M˜klmn).
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Definition 13. A FAB of the form (M˜k, τ, M˜kl) is called trivial if the map τ : M˜k →
M˜kl is the following:
X ×Mk(C)→ X ×Mkl(C), (x, T ) 7→ (x, T ⊗ El) for all x ∈ X
(under some choice of trivializations on M˜k and M˜kl), where El is the unit l× l-matrix
and T ⊗El denotes the Kronecker product of matrices. In other words, the bundle M˜k
is embedded into M˜kl as a fixed subalgebra.
Definition 14. Two FABs (Ak, µ, M˜kl) and (Bm, ν, M˜mn) over X are said to be stable
equivalent if there is a sequence of pairs {ti, ui} ∈ N2, 1 ≤ i ≤ s such that
• {t1, u1} = {k, l}, {ts, us} = {m, n};
• (titi+1, uiui+1) = 1 if s > 1, 1 ≤ i ≤ s− 1,
and a corresponding sequence of FABs (Ati , µi, M˜tiui) over X such that
• (At1 , µ1, M˜t1u1) = (Ak, µ, M˜kl), (Ats , µs, M˜tsus) = (Bm, ν, M˜mn);
• (Ati , µi, M˜tiui) ◦ (M˜ti+1 , τ, M˜ti+1ui+1)
∼= (Ati+1 , µi+1, M˜ti+1ui+1) ◦ (M˜ti , τ, M˜tiui),
where 1 ≤ i ≤ s− 1 and (M˜ti , τ, M˜tiui) are trivial FABs.
By A˜B
1
(X) denote the set of stable equivalence classes of FABs over X .
The following theorem justifies the previous definition. Note that a homomorphism
of central algebras Mkl(C) →֒ Mklmn(C) induces the corresponding map of matrix
Grassmannians ik, l;m,n : Grk, l → Grkm, ln; the direct limits below are taken over such
maps.
Theorem 15. ( [3], Proposition 2.1) 1) For all sequences of pairs of positive integers
{kj, lj}j∈N such that
(i) kj, lj →∞; (ii) kj |kj+1, lj |lj+1; (iii) (kj, lj) = 1
for every j, the corresponding direct limits lim
−→
j
Grkj , lj are homotopy-equivalent. This
unique homotopy type we denote by Gr.
2) Gr is a classifying space for stable equivalence classes of FABs over a finite CW -
complex X. In other words, the functor X 7→ A˜B
1
(X) from the homotopy category of
finite CW -complexes to the category Sets is represented by the space Gr.
The proof is based on Proposition 7 and on the following lemma.
Lemma 16. If (km, ln) = 1, then the embedding
ik, l;m,n : Grk, l → Grkm, ln
is a homotopy equivalence in dimensions < 2min{k, l}.
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Therefore for any finite CW -complex X , dim(X) < 2min{k, l, m, n} and for
any map ϕkm, ln : X → Grkm, ln there are maps ϕk, l : X → Grk, l and ϕm,n : X →
Grm,n such that ik, l;m,n ◦ ϕk, l ≃ ϕkm, ln ≃ im,n; k, l ◦ ϕm,n. Note also that
i∗k, l;m,n(Akm, ln, µ ,M˜klmn) = (Ak, l, µ ,M˜kl)◦(M˜m, τ, M˜mn), whence the stable equiv-
alence relation.
2.2 The group structure
Let (Ak, µ, M˜kl) be a FAB over X . By [(Ak, µ, M˜kl)] we denote its stable equivalence
class (with respect to the equivalence relation defined in the previous subsection).
Define the product ⋄ of two classes [(Ak, µ, M˜kl)], [(Bm, ν, M˜mn)] for (km, ln) = 1 as
[(Ak, µ, M˜kl)] ⋄ [(Bm, ν, M˜mn)] = [(Ak, µ, M˜kl) ◦ (Bm, ν, M˜mn)]
= [(Ak ⊗ Bm, µ⊗ ν, M˜klmn)].
Clearly, this product is well defined. The following lemma allows us to reject the
restriction (km, ln) = 1.
Lemma 17. For any pair {k, l} such that (i) (k, l) = 1, (ii) 2min{k, l} ≥ dimX, any
stable equivalence class of FABs over X has a representative of the form (Ak, µ, M˜kl).
Clearly, the product ⋄ is associative, commutative, and has identity ele-
ment [(M˜k, τ, M˜kl)], where (M˜k, τ, M˜kl) is a trivial FAB. Moreover, for any class
[(Ak, µ, M˜kl)] there exists the inverse element. In order to find it, let us recall the
following fact. The centralizer ZP (Q) of a central simple subalgebra Q in a central
simple algebra P (over some field K) is a central simple subalgebra again, moreover,
the equality P = Q⊗
K
ZP (Q) holds. Therefore by taking centralizers for every fiber
of the subbundle Ak in M˜kl, we obtain the complementary subbundle Bl with fiber
Ml(C) together with its embedding ν : Bl →֒ M˜kl into the trivial bundle. Moreover,
Ak ⊗ Bl = M˜kl. It is not hard to prove that [(Bl, ν, M˜kl)] is the inverse element for
[(Ak, µ, M˜kl)]. Thus, the functor X 7→ A˜B
1
(X) takes values in the category of Abelian
groups Ab.
Proposition 18. ([3], Theorem 2.5) The space Gr can be equipped with an H-space
structure such that there is a natural equivalence between X 7→ [X, Gr] and X 7→
A˜B
1
(X) as functors to the category Ab.
2.3 Some properties of FAB’s core
Recall that a locally trivial Aut(Mk(C)) ∼= PGLk(C) (or PU(k))-bundle Ak is called a
core of a FAB (Ak, µ, M˜kl) (if such a FAB exists, of course). We mention its properties
because they will play an important role in the definition of the generalized Brauer
group in Subsection 3.3.
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Lemma 19. If Ak is the core of some FAB (Ak, µ, M˜kl), then its structure group
can be reduced from AutMk(C) ∼= PGLk(C) to SLk(C) (or equivalent from PU(k) to
SU(k)).
Proof. Indeed, since ρkl = ρk × ρl for (k, l) = 1, where ρn is the group of nth degree
roots of unity, we have
Grk, l = PU(kl)/PU(k)⊗ PU(l) = SU(kl)/ SU(k)⊗ SU(l). 
The following lemma describes a characteristic property of cores.
Lemma 20. ([3], Lemma 2.7) Let X be a finite CW -complex. Suppose dimX ≤
2min{k, m}; then the following conditions are equivalent:
• Ak is the core of some FAB over X ;
• for arbitrary m such that 2m ≥ dimX there is a bundle Bm with fiber Mm(C)
such that Ak ⊗ M˜m ∼= Bm ⊗ M˜k;
• Ak⊗M˜m ∼= Bm⊗M˜k for some locally trivial bundle Bm with fiber Mm(C), where
(k,m) = 1.
Moreover, for any pair of bundles Ak, Bm such that (k,m) = 1 and Ak⊗M˜m ∼= Bm⊗M˜k,
there exists a unique stable equivalence class of FABs over X which has (for sufficiently
large n, (km, n) = 1) FABs of the forms (Ak, µ, M˜kn), (Bm, ν, M˜mn) as representatives
(for some embeddings µ, ν).
2.4 Localization
Let X be a finite CW -complex, k ≥ 2 a fixed integer. The set of isomorphism classes of
bundles of the form Akm (for arbitrary m ∈ N) over X with fiber Mkm(C) is a monoid
with respect to the operation ⊗ (with the identity element Mk0(C) ∼= C).
Let us consider the following equivalence relation
Akm ∼ Bkn ⇐⇒ ∃r, s ∈ N such thatAkm ⊗ M˜kr ∼= Bkn ⊗ M˜ks
(⇒ m + r = n + s). The set of equivalence classes [Akm ] of such bundles is a group
with respect to the operation induced by ⊗. This group we denote by A˜B
k
(X).
Let us consider the direct limit lim
−→
n
BPU(kn) with respect to the maps induced by
PU(kn) →֒ PU(kn+1),
A 7→ Ek ⊗ A.
Clearly, the functor X 7→ A˜B
k
(X) is represented by lim
−→
n
BPU(kn).
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According to Lemma 17, for any stable equivalence class of FABs over X there is
a representative of the form (Akm, µ, M˜(kl)m), (k, l) = 1. Therefore for any k we have
the group homomorphism
A˜B
1
(X)→ A˜B
k
(X), [(Akm, µ, M˜(kl)m)] 7→ [Akm]
induced by the following map of the direct limits
Grk2, l2
t
k2, l2//
OO
BPU(k2)
OO
Grk, l
ik, l; k, l
OO
tk, l // BPU(k),
OO
where tk2, l2 and tk, l are classifying maps for the cores Ak, l and Ak2, l2 as PU(k) and
PU(k2)-bundles, respectively.
The kernel of the homomorphism A˜B
1
(X)→ A˜B
k
(X) is just the k-torsion subgroup
in A˜B
1
(X).
Set tk := lim
−→
r
tkr , lr : Gr→ lim
−→
r
BPU(kr) =: BPU(k∞). Then tk is the composition of
the localization map ([12], Ch.2) t˜k : Gr→ lim
−→
r
BSU(kr) = BSU[ 1
k
] and the natural map
lim
−→
r
BSU(kr) → lim
−→
r
BPU(kr) induced by the group epimorphisms SU(kr) → PU(kr)
with the kernels {λEkr | λ
kr = 1} ∼= ρkr .
2.5 Relation between A˜B
1
and K˜SU-theory
Recall that BSU⊗ is the space BSU with the structure of H-space related to the tensor
product of virtual SU-bundles of virtual dimension 1.
Theorem 21. ([3], Theorem 2.17) There is an H-space isomorphism Gr ∼= BSU⊗ .
By K˜SU(X) denote the reduced K-functor constructed by means of SU-bundles
over X . Recall that K˜SU(X) is a ring with the multiplication induced by the tensor
product of bundles.
The previous theorem claims that the group A˜B
1
(X) is isomorphic to the multi-
plicative group of the ring K˜SU(X), i.e. the group (because X is a finite CW -complex)
of elements of K˜SU(X) with respect to the operation ξ ∗η = ξ+η+ξη (ξ, η ∈ K˜SU(X),
i.e. ξ, η are of virtual dimension 0).
This gives us a geometric description of the H-structure on BSU⊗ . For example,
the construction of the inverse stable equivalence class [(Bm, ν, M˜mn)] for a given one
[(Ak, µ, M˜kl)] is closely connected with taking centralizer for a subalgebra in a fixed
matrix algebra.
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Although the theory of floating algebra bundles leads to the theory which can also be
described in the classical terms, the obtained geometric approach might be applicable
in other branches of Topology (for example, in Cobordism theory, cf. [4], [5]).
2.6 A U-version
Consider the canonical map BU(k) → BPU(k) induced by the group homomorphism
U(k)→ PU(k). By Ĝrk, l denote the total space of the Frk, l-fibration (recall that Frk, l
denotes the space of (unitary) k-frames in Mkl(C), see Subsection 1.3) induced by the
fibration Grk, l
Frk, l
−→ BPU(k) and the map BU(k) → BPU(k) (as ever, the integers k, l
are assumed to be coprime), i.e. the fiber product
Ĝrk, l

t̂k, l // BU(k)

Grk, l
tk, l // BPU(k).
(3)
It follows easily that there is a CP∞-fibration Ĝrk, l → Grk, l.
Remark 22. Let us give a description of Ĝrk, l analogous to the one for Grk, l in Sub-
section 1.4. Let ξunivk → BU(k) be the universal vector bundle with fiber C
k. Then
clearly Hk, l(End(ξ
univ
k )) ≃ Ĝrk, l, moreover under this identification the projection
Hk, l(End(ξ
univ
k )) → BU(k) coincides with the map Ĝrk, l → BU(k) we have just de-
fined by the commutative square.
Consider the following morphism of U(k)-fibrations:
U(k) // EU(k)

U(k)
=
;;wwwwwwwww
// Frk, l

::uuuuuuuuu
BU(k)
Ĝrk, l,
t̂k, l
;;vvvvvvvvv
(4)
where t̂k, l is the classifying map for the canonical U(k)-bundle over Ĝrk, l and by
EU(k) we denote the total space of the universal principal U(k)-bundle which is
contractible. A simple computation with homotopy sequences of the fibrations
shows that t̂k, l∗ : π2r(Ĝrk, l) → π2r(BU(k)), r ≤ min{k, l} is just the monomorphism
Z → Z, 1 7→ k · 1 (note that the odd-dimensional stable homotopy groups of both
spaces are equal to 0). This implies ([12], Theorem 2.1) that the direct limit map
t̂k : Ĝr → lim
−→
r
BU(kr) =: BU(k∞) is just the localization away from k (in the sense
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that k is invertible; in particular, lim
−→
r
BU(kr) = BU[ 1
k
] is a Z[ 1
k
]-local space), where
Ĝr := lim
−→
(k, l)=1
Ĝrk, l.
The diagram (3) gives us the diagram
Ĝr
CP∞

t̂k // BU(k∞)
CP∞

Gr
tk // BPU(k∞).
(5)
The left-hand vertical arrow in terms of bundles can be described as an assignment
(ξkn, (End(ξkn), µ, M˜(kl)n)) 7→ (End(ξkn), µ, M˜(kl)n),
t̂k as an assignment
(ξkn, (End(ξkn), µ, M˜(kl)n)) 7→ ξkn,
and also tk and the right-hand arrow as (Akn, µ, M˜(kl)n) 7→ Akn and ξkn 7→ End(ξkn)
respectively, where (End(ξkn), µ, M˜(kl)n) and (Akn, µ, M˜(kl)n) denote some FABs.
The space Ĝr is an H-space with respect to the multiplication induced by the tensor
product of bundles. It can be proved that Ĝr ∼= BU⊗ as H-spaces. Let us also recall
that BU⊗ ∼= BSU⊗×CP∞ and Gr ∼= BSU⊗ as H-spaces, hence Ĝr ∼= Gr×CP∞. In
particular, the H-space Ĝr represents the functor of the “multiplicative group” of the
ring K˜C, i.e. the functor X 7→ K˜C(X), where K˜C(X) is considered as a group with
respect to the operation ξ ∗ η = ξ + η + ξη, ξ, η ∈ K˜C(X) (here K˜C is the reduced
complex K-functor).
By ÂB
1
(X), ÂB
k
(X) denote the groups [X, Ĝr] and [X, BU(k∞)] respectively. We
also have the group homomorphism t̂k∗(X) : ÂB
1
(X)→ ÂB
k
(X) induced by t̂k.
3 Homotopy invariants related to algebra bundles
3.1 Reminder: The classical Brauer group
Undoubtedly, the most important invariant constructed by means of matrix algebra
bundles (called in this context “Azumaya bundles”) is the Brauer group which plays
an important role not only in Topology but also in Algebraic Geometry (where it turns
out to be a birational invariant of varieties [7]). In this subsection we give a brief survey
of the classical results concerning its “purely topological” version.
So let X be a finite CW -complex. Consider the set of isomorphism classes of locally
trivial bundles over X with fiber Mk(C) with an arbitrary integer k > 1. On the set
of such bundles consider the following equivalence relation:
Ak ∼ Bl ⇔ Ak ⊗ M˜m ∼= Bl ⊗ M˜n for some m, n > 1, (6)
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where by M˜r we denote a trivial bundle over X with fiber Mr(C). By {Cm} de-
note the stable equivalence class of Cm. It can easily be checked that the product
{Ak} ◦ {Bl} := {Ak ⊗ Bl} is well defined and equips the set of stable equivalence
classes with the structure of Abelian group. We denote this group by A˜B(X). Clearly,
A˜B(X) = lim
−→
k
A˜B
k
(X), where the direct limit is taken over the natural homomorphisms
A˜B
k
(X)→ A˜B
km
(X) induced by the assignments Akn 7→ A(km)n := Akn ⊗ M˜mn .
Now consider the following more coarse stable equivalence relation:
Ak ∼ Bl ⇔ ∃ ξm, ηn such that Ak ⊗ End(ξm) ∼= Bl ⊗ End(ηn),
where by ξm, ηn we denote vector bundles over X of rank m, n, respectively. By [Cm]
denote the stable equivalence class ofMm(C)-bundle Cm. The tensor product of bundles
induces a group structure on the set of such stable equivalence classes. It is just the
classical topological Brauer group Br(X).
Let us give a homotopic description of Br(X). Consider the fibration
CP∞ →֒ BU(k)
↓
BPU(k)
(7)
corresponding to the exact sequence of groups
1→ U(1)→ U(k)→ PU(k)→ 1.
The first obstruction α(f) for the lifting of a map f : X → BPU(k) in (7) belongs
to H3(X ; Z) ([6], Ch.5) and has order k (the last assertion follows from the fact that
α(f) = δ(β(f)), where β(f) ∈ H2(X ; Z/kZ) is the first obstruction for the lifting
in the bundle Bµk →֒ BSU(k) → BPU(k) and δ : H
2(X ; Z/kZ) → H3(X ; Z) is the
coboundary homomorphism).
Let us introduce the following notation for the direct limits:
BU := lim
−→
k
BU(k), BPU := lim
−→
k
BPU(k),
where k runs over all positive integers and the limits are taken over the maps inducing
by the tensor product (in particular, BU is a Q-space). Recall that
BU =
∏
q≥1
K(2q, Q), BPU = K(2, Q/Z)×
∏
q≥2
K(2q, Q), CP∞ = K(2, Z),
and we have the fibration
CP∞ →֒ K(2, Q)→ K(2, Q/Z)
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corresponding to the exact sequence of the coefficients groups
0→ Z→ Q→ Q/Z→ 0.
We consider every space CP∞, BU , and BPU as an H-space with the multiplication
induced by the tensor product of bundles which it classifies (for example, CP∞ classifies
complex line bundles, and there is the isomorphism CP∞ ∼= K(2, Z), ζ 7→ c1(ζ) of H-
spaces, where c1 is the first Chern class).
Thus, after taking the limit as k →∞ in (7) we get the fibration
CP∞
i
→֒ BU CP∞ →֒
∏
q≥1K(Q, 2q)
↓ p ↓
BPU , i.e. K(Q/Z, 2)×
∏
q≥2K(Q, 2q).
(8)
The H-space BPU represents the homotopy functor X 7→ A˜B(X) on the category
of finite CW -complexes. Indeed, since we take the direct limit BPU = lim
−→
k
BPU(k)
over the maps of classifying spaces BPU(k)
ik,m
−→ BPU(km) such that i∗k,m(A
univ
km ) =
Aunivk ⊗ M˜m (where by A
univ
r we denote the universal Mr(C)-bundle over BPU(r)), the
stable equivalence relation (6) appears.
Now it is easy to see that Br(X) = coker{p∗ : [X, BU ]→ [X, BPU ]}, i.e. Br(X) =
coker{[X, K(Q, 2)] → [X, K(Q/Z, 2)]} = coker{H2(X ; Q) → H2(X ; Q/Z)}. Using
the exact sequence of cohomology groups induced by the sequence of coefficients
0→ Z→ Q→ Q/Z→ 0,
we see that coker{H2(X ; Q)→ H2(X ; Q/Z)} = im{H2(X ; Q/Z)
δ
→ H3(X ; Z)} (here
δ is the coboundary homomorphism), i.e. Br(X) = H3tors(X ; Z) [7].
The explicit form of the isomorphism Br(X) ∼= H3tors(X ; Z) can be described
as follows. Recall that the structure group of a bundle Ak with fiber Mk(C) is
Aut(Mk(C)) = PGLk(C) and PGLk(C) contains PU(k) as a strong deformation retract.
The obstruction theory asserts ([6], Ch.5) that the first (and unique!) obstruction for
the lifting of PU(k)-bundle to a U(k)-bundle belongs to the group H3(X ; π2(CP∞))
(see fibration (7)). Therefore the assignment
Ak 7→ {the first obstruction for the lifting}
gives us the required description of the isomorphism Br(X) ∼= H3tors(X ; Z).
Thus, any element of the groupH3tors(X ; Z) can be realized as an obstruction for the
lifting of some PU-bundle to a U-bundle (or equivalent a PGL-bundle to a GL-bundle).
Remark 23. Let us remark that it is not necessarily that for α ∈ H3(X ; Z) such that
kα = 0 there exists a bundle Ak with fiber Mk(C) whose invariant is equal to α (see
[2], p.11).
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Remark 24. Now suppose Ak has a lifting ξk (i.e. End(ξk) = Ak). Then the obstruction
theory says that ξk is determined by Ak up to taking the tensor product with a line
bundle ζ over X . Indeed, it was already mentioned that H2(X ; π2(CP∞)) = H2(X ; Z)
is isomorphic to the group of line bundles with respect to the tensor product; from the
other hand, for any line bundle ζ we have End(ξk ⊗ ζ) = End(ξk).
Remark 25. Note that for any fixed integer k > 1 one can develop the correspond-
ing theory of bundles with fibers of the form Mkn(C) for arbitrary n ∈ N. In
this way one can define the k-primary component Brk(X) of the Brauer group as
coker{pk∗ : [X, BU(k
∞)]→ [X, BPU(k∞)]}.
3.2 An obstruction for an embedding of a locally trivial alge-
bra bundle into a trivial one
In this subsection using the Hom(Mk(C), Mkl(C))-bundle Hk, l(Aunivk ) → BPU(k)
(which has been studied in Subsection 1.4) we define topological obstructions for an
embedding of a locally trivial matrix algebra bundle into a trivial one. Note that we
consider only embeddings that are fiberwise homomorphisms of central algebras.
More precisely, let Ak be an Mk(C)-bundle over a finite CW -complex X . In this
subsection we construct a cohomological obstruction for the existence of an embedding
µ : Ak → X ×Mkl(C) such that µ|x(Ak)x ⊂ Mkl(C) is a central subalgebra for any
x ∈ X . This obstruction equals 0 iff Ak is the core of some FAB (Ak, µ, M˜kl) over X .
Remark 26. Note that nontrivial obstructions can exist (after taking the limit as in
Remark 30 below) only if (k, l) = 1. In other words, all the obstructions vanish in the
stable case if we reject this condition.
Consider the fibration
Frkn, ln //Hkn, ln(A
univ
kn )
pkn

≃ Grkn, ln
BPU(kn).
(9)
LetX be a finite CW -complex, dim(X) < 2ln. Then for a given map f : X → BPU(kn)
we have the first obstruction α(f) ∈ H2i(X ; π2i−1(Frkn, ln)) for the lifting in (9) ([6],
Ch.5), where π2i−1(Frkn, ln) = Z/knZ and π2i(Frkn, ln) = 0 because i < ln. But we
have shown in Subsection 1.4 that a lifting of f : X → BPU(kn) in (9) is the same
thing as an embedding f ∗(Aunivkn ) →֒ X ×M(kl)n(C). Therefore the class α(f) is the
first obstruction for the existence of an embedding of f ∗(Aunivkn ) into the trivial bundle
X ×M(kl)n(C) (recall that (k, l) = 1).
Note that for a mapping f : X → BU(kn) we can also define the obstruction for
an embedding of the bundle f ∗(End(ξunivkn )) = End(f
∗(ξunivkn )) into the trivial one X ×
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M(kl)n(C). For this purpose instead of bundle (9) we should consider the bundle
Frkn, ln //Hkn, ln(End(ξ
univ
kn ))
p̂kn

≃ Ĝrkn, ln
BU(kn)
(10)
(see Remark 22). Clearly, the obstructions will be the same as in the “projective” case
(in connection with this note that the map BU(kn)→ BPU(kn) induces an isomorphism
of cohomology groups H2(BPU(kn); Z/knZ) ∼= H2(BU(kn); Z/knZ)).
Now take k, l, m, n such that (km, ln) = 1. Notice that there is the natural map
φk, l;m,n : Hom(Mk(C), Mkl(C))×Hom(Mm(C), Mmn(C))→ Hom(Mkm(C), Mklmn(C))
induced by the tensor product of matrix algebras.
Remark 27. If we identify Hom(Mk(C), Mkl(C)) with Frk, l then the map φk, l;m,n can
be described as follows. One can easily verify that for a k-frame {αi, j | 1 ≤ i, j ≤ k}
in Mkl(C) and an m-frame {βr, s | 1 ≤ r, s ≤ m} in Mmn(C) the collection {αi, j⊗βr, s |
1 ≤ i, j ≤ k, 1 ≤ r, s ≤ m} is a km-frame in Mklmn(C) = Mkl(C) ⊗Mmn(C). Thus
we have the natural map Frk, l×Frm,n → Frkm, ln which coincides with φk, l;m,n under
the mentioned identification.
Clearly, we also have the corresponding map of bundles
ϕk, l;m,n : Hk, l(A
univ
k )×Hm,n(A
univ
m )→ Hkm, ln(A
univ
km )
such that the diagram
Hk, l(A
univ
k )×Hm,n(A
univ
m )
ϕk, l;m,n//
p×p

Hkm, ln(A
univ
km )
p

BPU(k)× BPU(m)
⊗ // BPU(km)
commutes. Obviously, the map ϕk, l;m,n can be identified with the natural map
Grk, l×Grm,n → Grkm, ln of matrix Grassmannians induced by the tensor product of
matrix algebras. These maps define the above described (see Subsection 2.2) H-space
structure on Gr := lim
−→
(k, l)=1
Grk, l ∼= BSU⊗ .
The same is true in the “unitary” case.
Lemma 28. The homotopy type of Frk, l∞ does not depend on the choice of l, (k, l) = 1.
Proof. Take m such that (k, m) = 1. Define the map αk, l,m : Frk, l → Frk, lm by the
commutative diagram:
PU(lm)
Ek⊗...// PU(klm) // Frk, lm
PU(l)
Ek⊗... //
...⊗Em
OO
PU(kl) //
...⊗Em
OO
Frk, l
αk, l,m
OO
(11)
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(the rows are fibrations). One can easily verify that the map αk, l,m : Frk, l → Frk, lm is
a homotopy equivalence in dimensions < 2l. Now using the diagram
Frk, lm
Frk, l
αk, l,m
;;wwwwwwwww
Frk,m
αk,m, l
ddHHHHHHHHH
(12)
we get the desired assertion. 
The proved lemma allows us to omit l in the following notation.
Suppose (m,n) = 1, k|m, l|n (⇒ (k, l) = 1). Consider the following morphism of
fiber bundles:
PU(n)
Em⊗...// PU(mn)

PU(l)
...⊗En
l
::ttttttttt
Ek⊗...// PU(kl)

Em
k
⊗...⊗En
l
99rrrrrrrrrr
Frm,n
Frk, l
α
99rrrrrrrrrr
Using such maps α we can form the direct limit Frk∞, l∞ whose homotopy type does
not depend on the choice of l, so we shall denote it just by Frk∞.
Lemma 29. πr(Frk∞) = lim
−→
n
Z/knZ for odd r and 0 otherwise. Moreover, the nat-
ural embedding Frkn →֒ Frk∞ induces the monomorphisms π2r−1(Frkn) ∼= Z/knZ →֒
π2r−1(Frk∞), 1 ≤ r ≤ ∞.
Proof follows from simple calculations with homotopy sequences of obvious
fibrations. 
So we can define the direct limit (as n→∞) of (9)
Frk∞ //Hk∞(A
univ
k∞ )
pk

≃ Gr
BPU(k∞)
(13)
and of (10)
Frk∞ //Hk∞(End(ξ
univ
k∞ ))
p̂k

≃ Ĝr
BU(k∞),
(14)
respectively. All the mappings are the homomorphisms of H-spaces. In particular, we
see that pk, p̂k are fiber substitutes for maps tk, t̂k (see Section 2), respectively.
Remark 30. Suppose we are given a map f : X → BPU(kn) such that α(f) 6= 0, α(f) ∈
H2i(X ; π2i−1(Frkn, ln)) (see fibration (9)), dimX < 2l
n. Then the corresponding limit
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obstruction in (13) is also nontrivial. One can prove this using the following fact: for
(km, ln) = 1 the natural map Frk, l → Frkm, ln induces monomorphisms of the homotopy
groups: Z/kZ ∼= π2i−1(Frk, l) →֒ π2i−1(Frkm, ln) ∼= Z/kmZ, i ≤ l.
Remark 31. Let Fk(X) be the set of equivalence classes of Mkn(C)-bundles Akn (for
arbitrary n ∈ N) with respect to the following equivalence relation:
Akm ∼ Akn ⇔ there are FAB’s cores Bkr , Bks
such that Akm ⊗Bkr ∼= Akn ⊗ Bks (⇒ m+ r = n+ s).
Obviously, Fk(X) is an Abelian group with respect to the operation induced by the
tensor product of bundles. Moreover, Fk(X) = coker{pk∗ : [X, Gr] → [X, BPU(k
∞)]}
(=im{hk∗ : [X, BPU(k
∞)]→ [X, BN×k∞ ]}, see the next subsection). Note that the first
cohomological obstruction for the lifting in (13) is well-defined on such equivalence
classes.
Although the group Fk(X) looks like the Brauer group Brk(X), the actual analog
of the latter group will be defined in the next subsection.
3.3 A generalized Brauer group
Consider exact sequence (14) of H-spaces. Our goal is to extend it to the right. So at
the next step we have to define a “classifying space” for Frk∞ . One possible approach
uses the fact that Frk∞ is an infinite loop space (as a fiber of the localization map
t̂k : BU⊗ = Ĝr → BU[
1
k
]⊗ = BU(k
∞) for BU⊗; BU⊗ is an infinite loop space due to
G.B. Segal [11]). In this way one obtains the fibration
Ĝr
t̂k−→ BU(k∞)
ĥk−→ BFrk∞ , (15)
where BFrk∞ is the base of the universal principal Frk∞-fibration, Ω(BFrk∞) = Frk∞ .
But we present a more direct approach by replacing the loop spaces by
groups of the same homotopy type. More precisely, we introduce topological
groups GLk∞(K(H)), N
×
k∞, GL1(∆k∞)
0 = GL1(C(H))
0 together with homomorphisms
GLk∞(K(H))→ N
×
k∞, N
×
k∞ → GL1(∆k∞)
0 forming the exact sequence of groups
GLk∞(K(H))→ N
×
k∞ → GL1(∆k∞)
0
which is homotopy equivalent to the fibration
U(k
∞)→ Frk∞ → Ĝr
(see diagram (4)). Then we identify BFrk∞ with the classifying space BN
×
k∞ and the
map ĥk : BU(k
∞) → BFrk∞ with the map of classifying spaces BGLk∞(K(H)) →
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BN×k∞ , induced by the above group homomorphism. The main advantage of this ap-
proach is that any element of the defined below generalized Brauer group can be rep-
resented by a locally trivial bundle with the structure group N
×
k (for some k ∈ N).
So let H be a separable Hilbert space, B(H) and K(H) the algebra of bounded
operators in End(H) and the ideal of compact operators in B(H), respectively. By
C(H) denote the Calkin algebra B(H)/K(H). Put
∆k :=


λ 0 . . . 0
0 λ . . . 0
...
...
. . .
...
0 0 . . . λ
 | λ ∈ C(H)
 ⊂Mk(C(H)).
Clearly, ∆k is a subalgebra in Mk(C(H)) isomorphic to C(H). Let πk : Mk(B(H)) →
Mk(C(H)) be the natural epimorphism. Let Nk be the subalgebra π
−1
k (∆k) ⊂
Mk(B(H)), N
×
k := GL1(Nk) = Nk ∩GLk(B(H)) its multiplicative group. It is a closed
subgroup (in the norm topology) in GLk(B(H)). The groups N
×
kn play a crucial role in
the further constructions. In particular, we shall show that in contrast to the group
GL1(B(H)), they are not contractible, if n > 0 (note that N
×
k0
∼= GL1(B(H))).
Remark 32. One can replace N
×
k by the homotopy equivalent (polar decomposition!)
unitary group N
×
k ∩Uk(B(H)), where Uk(B(H)) ⊂ Mk(B(H)) is the group of unitary
operators contained in Mk(B(H)).
Remark 33. Let us remark that there is an obvious way to transfer our definition of
N
×
k to the algebraic K-theory of a ring R (using the analogy between C(H) and ΣR).
The following results about Calkin algebra are needed for the sequel. Let
π : B(H) → C(H) be the canonical epimorphism. By GL1(C(H))
0 denote the con-
nected component of the unit in GL1(C(H)). In other words, it is the image of the
space Fred(H)0 of zero index Fredholm operators under the map π|Fred(H) : Fred(H)→
GL1(C(H)) (which is a fibration with fiber an affine space over K(H)). Let
π¯ : GL1(B(H)) → GL1(C(H))
0 be the birestriction of π to the multiplicative sub-
groups. Clearly, ker(π¯) = GL1(K(H)), where GL1(K(H)) is the group of invertible
operators of the form 1 + K, K ∈ K(H). It is known [9] that this group is ho-
motopy equivalent to the infinite unitary group U := lim
−→
n
U(n) (with respect to the
standard inclusions). Recall also that the group GL1(C(H)) (GL1(C(H))
0) is ho-
motopy equivalent to Z × BU (BU respectively). Finally note that GLk(K(H)) :=
{the group of invertible k × k-matrices of the form 1 + K | K ∈ Mk(K(H))} is iso-
morphic to GL1(K(H)).
Consider the group epimorphisms π¯k : GLk(B(H)) → GLk(C(H))
0 and π˜k : N
×
k →
GL1(∆k)
0 induced by πk. Clearly their kernels coincide with the subgroup GLk(K(H)).
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Lemma 34. The topological group N
×
k has the following homotopy groups: π2r(N
×
k ) =
0, π2r−1(N
×
k ) = Z/kZ, r ≥ 1.
Proof easily follows from the commutative diagram of exact sequences
1 // GLk(K(H)) // GLk(B(H))
p¯ik // GLk(C(H))
0 // 1
1 // GLk(K(H))
=
OO
// N
×
k
p˜ik //
∪
OO
GL1(∆k)
0
∪
OO
// 1.
(16)
Indeed, recall that the group GLk(B(H)) ∼= GL1(B(H)) is contractible (the polar de-
composition + Kuiper’s theorem). In particular, upper row is just the path fibration.
Now the required assertion follows from the nontrivial piece of the corresponding ho-
motopy sequences:
0 // 0 // π2r(GLk(C(H))
0)
∼= // π2r−1(GLk(K(H))) // 0 // 0
0 // π2r(N
×
k )
OO
// π2r(GL1(∆k)
0)
·k //
·k
OO
π2r−1(GLk(K(H))) //
=
OO
π2r−1(N
×
k )
OO
// 0,
where ·k means the homomorphism which takes the group generator 1 to k · 1. 
Remark 35. Since the inclusion GL1(∆k)
0 →֒ GLk(C(H))
0 in diagram (16) is a clas-
sifying map for the lower row (considered as a GLk(K(H))-fibration), we have the
fibration
N
×
k
p˜ik−→ GL1(∆k)
0 −→ GLk(C(H))
0.
Because of Ω(GL1(∆k)
0) ≃ GL1(K(H)), Ω(GLk(C(H))
0) ≃ GLk(K(H)), we also obtain
the fibration
GL1(K(H)) // GLk(K(H)) // N
×
k , (17)
where the inclusion GL1(K(H))→ GLk(K(H)) is the following:
α 7→

α 0 . . . 0
0 α . . . 0
...
...
. . .
...
0 0 . . . α
 (18)
(k × k-matrix); in particular, N
×
k is homotopy equivalent to the homogeneous space
GLk(K(H))/GL1(K(H)).
Remark 36. Since BGL1(K(H)) ≃ GL1(∆k)
0 we see that there is the map N
×
k →
BGL1(K(H)) which is equivalent to the epimorphism π˜k : N
×
k → GL1(∆k)
0, ker(π˜k) =
GLk(K(H)); analogously, there is the map BGL1(K(H)) → BGLk(K(H)) which is
equivalent to the natural inclusion GL1(∆k)
0 → GLk(C(H))
0, where C(H) is the Calkin
algebra as above.
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Consider the homomorphisms U(kn)
κn
→֒ U(k(n + 1)),

α11 α12 . . . α1k
α21 α22 . . . α2k
...
...
. . .
...
αk1 αk2 . . . αkk
 7→

α11 0 α12 0 . . . α1k 0
0 1 0 0 . . . 0 0
α21 0 α22 0 . . . α2k 0
0 0 0 1 . . . 0 0
...
...
...
...
. . .
...
...
αk1 0 αk2 0 . . . αkk 0
0 0 0 0 . . . 0 1

,
where αij ∈Mn(C). Let in : U(n) →֒ U(n + 1) be the standard inclusion
α 7→
(
α 0
0 1
)
, α ∈ U(n).
Consider also the homomorphisms U(n)
Ek⊗...−→ U(kn). One can easily check that Ek ⊗
(inα) = κn(Ek ⊗ α) ∀α ∈ U(n). Thus, we obtain the well-defined map of the direct
limits:
τk : U = lim
−→
in
U(n)→ lim
−→
κn
U(kn) ∼= U (19)
induced by the tensor product with Ek (cf. diagram (18)).
Lemma 37. The space Frk is the fiber of the map B τk : BU → BU induced by the
group homomorphism (19).
Proof. Obviously, the map BU(ln)
[k]⊗...
−→ BU(kln) induced by the tensor product with a
trivial bundle of rank k is equivalent to the map of these classifying spaces induced by
the group homomorphism U(ln)
Ek⊗...−→ U(kln). Hence Frk, ln is the fiber of BU(l
n)
[k]⊗...
−→
BU(kln). It easily follows from the commutative diagram (cf. diagram (11))
Frk, ln+1 // BU(ln+1)
[k]⊗...// BU(kln+1)
Frk, ln
OO
// BU(ln)
...⊗[l]
OO
[k]⊗... // BU(kln)
...⊗[l]
OO
that the natural inclusions Frk, ln → Frk, ln+1 are weak homotopy equivalences (⇒ ho-
motopy equivalences because Frk, l is a CW -complex) up to dimension ∼ 2l
n (recall
that (k, l) = 1). 
The following proposition makes the statement of Lemma 34 more precise (cf. Lem-
ma 29).
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Proposition 38. There is a homotopy equivalence Frk ≃ N
×
k such that the diagram
(whose rows are the above fibrations (cf. Remarks 35 and 36) and the vertical arrows
are homotopy equivalences)
N
×
k
// BGL1(K(H)) // BGLk(K(H))
Frk //
≃
OO
BU
B τk //
≃
OO
BU
≃
OO
commutes up to homotopy.
Proof. We have the group homomorphism U → GL1(K(H)) which is a homotopy
equivalence. Clearly, this equivalence identifies the group homomorphisms τk : U→ U
and GL1(K(H)) → GLk(K(H)) (see (18)). There is also the homotopy equivalence
BU → BGL1(K(H)) of classifying spaces and the corresponding maps of classifying
spaces B τk : BU → BU and BGL1(K(H)) → BGLk(K(H)) can also be identified.
Therefore their homotopy fibers Frk and N
×
k are homotopy equivalent too, and the
diagram is commutative. 
Remark 39. Let us remark that the fibration (see (17))
BGL1(K(H))→ BGLk(K(H))→ BN
×
k (20)
has the following interpretation. Let EN×k → BN
×
k be the universal principal N
×
k -
bundle. Using the action of the subgroup GLk(K(H)) ⊂ N
×
k on its fibers
∼= N
×
k , we
obtain (20) (because BGL1(K(H)) ∼= GL1(∆k)
0 ∼= N
×
k /GLk(K(H))).
Now consider the commutative diagram of group homomorphisms:
GLln+1(K(H))
Ek⊗...// GLkln+1(K(H)) // GLln+1(Nk)
GLln(K(H))
Ek⊗... //
...⊗El
OO
GLkln(K(H)) //
...⊗El
OO
GLln(Nk).
...⊗El
OO
Since (k, l) = 1, we see that the arrow GLln(Nk) → GLln+1(Nk) is a ho-
motopy equivalence (cf. the proof of Lemma 37). Put GLl∞(K(H)) :=
lim
−→
n
GLln(K(H)), GLkl∞(K(H)) := lim
−→
n
GLkln(K(H)), where the direct limits
are taken over the group homomorphisms GLln(K(H))
...⊗El−→ GLln+1(K(H)) and
GLkln(K(H))
...⊗El−→ GLkln+1(K(H)) (GLl∞(Nk) ≃ GL1(Nk) = N
×
k ). Thus, we have
the fibration
GLl∞(K(H))→ GLkl∞(K(H))→ N
×
k
and hence also the fibration
N
×
k → BGLl∞(K(H))
[k]⊗...
−→ BGLkl∞(K(H)).
Taking into account the obtained results, the proof of the following lemma is trivial.
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Lemma 40. There is the commutative (up to homotopy) diagram
N
×
k
// BGLl∞(K(H))
[k]⊗...// BGLkl∞(K(H))
Frk
≃
OO
// BU(l∞)
≃
OO
[k]⊗... // BU(kl∞)
≃
OO
(21)
whose rows are fibrations and vertical arrows are homotopy equivalences.
Lemma 41. There is the commutative (up to homotopy) diagram
Frk, ln // BPU(ln)
[k]⊗...// BPU(kln)
Frk, ln
=
OO
// Grk, ln
OO
// BPU(k)
...⊗[ln]
OO
whose rows are the above fibrations.
Proof. Consider the mapping
Prin(Aunivk ⊗ M˜ln)
//

Prin(Aunivkln )

BPU(k)
...⊗[ln] // BPU(kln),
of principal PU(kln)-bundles (so it is PU(kln)-equivariant). We have the free action of
the subgroup Ek⊗PU(l
n) ⊂ PU(kln) on their total spaces. Note that Prin(Aunivk ⊗M˜ln)
is the fiber of the map BPU(k)
...⊗[ln]
−→ BPU(kln), hence
Prin(Aunivk ⊗ M˜ln)
∼= PU(kln)/(PU(k)⊗ Eln).
Therefore its factor by Ek ⊗ PU(l
n) is Grk, ln and we obtain the required commutative
diagram. 
Replacing BPU by BU and Gr by Ĝr one obtains the analogous diagram in the
unitary case.
Put Ĝrk := lim
−→
n
Ĝrk, ln. We claim that this homotopy type does not depend on
the choice of l, (k, l) = 1. Indeed, the maps αk, l,m and αk,m, l in diagram (12) are
PU(k)-equivariant.
Corollary 42. There is the commutative (up to homotopy) diagram
Frk // BU(l
∞)
[k]⊗...// BU(kl∞)
Frk
=
OO
// Ĝrk
OO
// BU(k)
OO
whose rows are the fibrations.
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Combining the previous corollary with Lemma 40, we obtain the following result.
Theorem 43. There is the fibration
Ĝrk → BU(k)→ BN
×
k , (22)
which actually is an extension of Frk → Ĝrk → BU(k) to the right.
Proof. The upper fibration in diagram (21) can be extended to the right up to fibration
BGLl∞(K(H))→ BGLkl∞(K(H))→ BN
×
k .
The map BU(k) → BN×k is just the composition BU(k) → BU(kl
∞) ≃
BGLkl∞(K(H)) → BN
×
k . It follows from the previous corollary that the homotopic
fiber of this map is just Ĝrk. 
Remark 44. Let us note an analogy between fibrations (7) and (22) (cf. the definition
of generalized Brauer group below).
There is a continuous action of the group N
×
k on different spaces; for example one
can consider the action on the algebra Nk by inner automorphisms. So one can think
of a bundle with the structure group N
×
k as a locally-trivial Nk-bundle.
Let Fk be the functor on bundles, induced by the above map of classifying spaces
BU(k)→ BN×k . By analysis of the previous constructions, one can obtain the explicit
form of the corresponding group homomorphism U(k)→ N
×
k . For example (for k = 2)
it is as follows:
(
α β
γ δ
)
7→

α 0 0 . . . β 0 0 . . .
0 1 0 . . . 0 0 0 . . .
0 0 1 . . . 0 0 0 . . .
...
...
...
. . .
...
...
...
. . .
γ 0 0 . . . δ 0 0 . . .
0 0 0 . . . 0 1 0 . . .
0 0 0 . . . 0 0 1 . . .
...
...
...
. . .
...
...
...
. . .

.
Corollary 45. Suppose we are given an Ck-bundle ξk over a finite CW -complex X.
Then Fk(ξk) is a trivial bundle iff End(ξk) is the core (see Subsection 2.3) of some
FAB over X (i.e. iff there exists an embedding End(ξk) →֒ X × Mkm(C) for some
sufficiently large m, (k, m) = 1).
Proof. Since (22) is a fibration, we have the corresponding exact sequence of pointed
sets [X, Ĝrk]→ [X, BU(k)]→ [X, BN
×
k ]. Now the required assertion follows from the
discussion after diagram (5). 
28
Remark 46. Recall that we have already interpreted the lifting problem in the fibration
Frk → Ĝrk ≃ Hk(End(ξ
univ
k ))→ BU(k) in terms of the existence of an embedding into
a trivial bundle, see the discussion around diagram (10).
Remark 47. Let us return to the fibration (22). Since Ĝrk = Grk ×
BPU(k)
BU(k) (see
Subsection 2.6) it seems very reliable that the above map BU(k) → BN×k factors
through BPU(k) i.e. there exists a map BPU(k) → BN×k (with fiber Grk) such that
the diagram
BU(k)
 $$I
II
II
II
II
BPU(k) // BN×k
commutes. This might show that the generalized Brauer group actually is a general-
ization of the classical Brauer group (cf. diagram (24)).
Remark 48. It is interesting to apply the obtained results to the equivalence relation,
considered in Remark 31. More precisely, we see that (in notation of the remark)
Akm ∼ Akn ⇔ Fkm(Akm) and Fkn(Akn) are “stable isomorphic”.
It is obvious that the Kronecker product with the unit k × k-matrix Ek induces
the group homomorphisms N
×
k0 → N
×
k → N
×
k2 → . . . . For the topological group
N
×
kn we have its classifying space BN
×
kn. Since B is a functor, we see that the above
homomorphisms induce the corresponding maps of classifying spaces BN×k0 → BN
×
k →
BN×k2 → . . . .
Consider the homomorphisms GL1(K(H)) → GLk(K(H)) → GLk2(K(H)) → . . .
induced by the Kronecker product with the unit k×k-matrix. Their direct limit is the
localization map GL1(K(H))→ GLk∞(K(H)).
Corollary 49. There is the diagram
N
×
k∞
// BGL1(K(H)) // BGLk∞(K(H))
Frk∞ //
≃
OO
BU = Ĝr
//
≃
OO
BU(k∞)
≃
OO
which is commutative up to homotopy.
Proof follows from Proposition 38. 
Thus, instead of fibration (15) we can consider the homotopy equivalent fibration
BGL1(K(H))
t̂′
k−→ BGLk∞(K(H))
ĥ′
k−→ BN×k∞ (23)
(which is the direct limit of (20)).
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Now we want to define a structure of homotopy commutative H-space on BN×k∞
which turn the above fibration into an exact sequence of H-spaces (i.e.
[X, BGL1(K(H))]
t̂′
k∗−→ [X, BGLk∞(K(H))]
ĥ′
k∗−→ [X, BN×k∞ ]
is an exact sequence of Abelian groups for any finite CW -complex X). Unfortunately,
we do not know any direct way to do this in terms of N
×
kn-bundles.
Remark 50. For example, there are mappings N
×
km ×N
×
kn → N
×
km+n defined by the
Kronecker product of matricesMkm(B(H))×Mkn(B(H))→Mkm+n(B(H)) (cf. Remark
27). Indeed, one can easily verify (using the fact thatK(H) is a two-sided ideal in B(H))
that for any A ∈ N
×
km, B ∈ N
×
kn their Kronecker product A⊗B satisfies the condition
π¯km+n(A ⊗ B) ∈ GL1(∆km+n)
0 ⊂ GLkm+n(C(H))
0, i.e. A ⊗ B ∈ N
×
km+n . But these
mappings are not homomorphisms, so they do not define the corresponding mappings
of classifying spaces.
So we have to return to fibration (15). Let bui⊗ be the generalized cohomology the-
ory defined by the infinite loop space BU⊗, with the zero term bu
0
⊗(X) = [X, BU⊗] [1].
Then fibration (15) corresponds to the exact sequence of Abelian groups bu0⊗(X) →
bu0⊗(X, Z[
1
k
])→ bu0⊗(X ; Z[
1
k
]/Z) associated with the exact sequence of groups of coef-
ficients 0→ Z→ Z[ 1
k
]→ Z[ 1
k
]/Z→ 0 (note that Z[ 1
k
]/Z = lim
−→
n
Z/knZ).
Since bu0⊗(X ; Z[
1
k
]/Z) = [X, BN×k∞ ] is an Abelian group, we see that the space
BN×k∞ is equipped with the H-space structure with the required property. Put
FBk(X) := [X, BN×k∞ ]. Recall that the groups [X, Ĝr] and [X, BU(k
∞)] we denot-
ed by ÂB
1
(X) and ÂB
k
(X), respectively. We also defined the natural transformation
(indeed the localization away from k) t̂k∗ : ÂB
1
→ ÂB
k
induced by t̂k. Using the
previous arguments we obtain the exact sequence of Abelian groups
ÂB
1
(X)
t̂k∗(X)
−→ ÂB
k
(X)
ĥk∗(X)
−→ FBk(X)
for any finite CW -complex X .
Definition 51. For a finite CW -complex X the k-primary component (cf. Remark
25) of the generalized Brauer group GBrk(X) is the cokernel coker{ĥk∗(X) : ÂB
k
(X)→
FBk(X)}.
Now we want to explain why this definition is a natural generalization of the classical
Brauer group. First of all, let us stress an analogy between the fibration
CP∞ → BU(k∞)→ BPU(k∞)
(which relates to the definition of the classical group) and fibration (23) (or (15)). For
example, one can verify that the homotopy sequence of the first fibration in dimension
30
2 coincides with the homotopy sequence of the second fibration in all even dimensions.
Therefore in some sense we get a two-periodic generalization of the classical Brauer
group. The role of the Picard group (i.e. the group of isomorphism classes of line
bundles with respect to the tensor product) in our case plays the group of bundles of
the form (ξk, (End(ξk), µ, M˜kl)), (k, l) = 1 (see Subsection 2.6) with respect to the
tensor product (cf. Remark 24).
Now it is suitable to consider direct limits (induced by the Kronecker product) over
all natural numbers (not only over powers of a fixed k). In this way we get spaces
N×∞ := lim−→
n
N×n and BN
×
∞ := lim−→
n
BN×n and the fibration (cf. diagram (8))
BU⊗ // BU

BU⊗
loc //
∏
q≥1K(Q, 2q)

BN×∞, i.e. BN
×
∞ .
Since BU⊗ ∼= CP∞ × BSU⊗, we see that this diagram splits:
CP∞

// K(Q, 2) //

K(Q/Z, 2)

CP∞ × BSU⊗ //

K(Q, 2)×
∏
q≥2K(Q, 2q) //

K(Q/Z, 2)× BSN×∞

BSU⊗ //
∏
q≥2K(Q, 2q)
h′ // BSN×∞,
where BSN×∞ is defined by the diagram, BN
×
∞ = K(Q/Z, 2)× BSN
×
∞ . Notice that the
upper fibration correspond to the classical Brauer group, so the generalized Brauer
group is the product of the classical one with the group defined by the lower fibration.
Since BPU ≃ K(Q/Z, 2) ×
∏
q≥2K(Q, 2q), we obtain the map h : BPU →
BN×∞, h = idK(Q/Z, 2)×h
′ (with the homotopy fiber Gr = BSU⊗), where h
′ is defined in
the previous diagram, such that the diagram
BU
ĥ
$$H
HH
HH
HH
HH

BPU
h // BN×∞
(24)
commutes. Put GBr(X) := coker{h∗(X) : A˜B(X) → FB(X)} (where FB(X) :=
[X, BN×∞]). Then we have the exact sequence of Abelian groups
0→ Br(X)→ GBr(X)→ GBr(X)→ 0,
where the subgroup Br(X) ⊂ GBr(X) corresponds to those N
×
k -bundles over X whose
structure group can be reduced to PU(k) (for sufficiently large k).
In other words, compared to the classical case, a whole new step is added to the
procedure of the lifting. At first, we have to lift an N
×
k -bundle to a PU(k)-bundle. The
second step essentially coincides with the classical case.
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3.4 Application: the twisted K-theory
One of the possible application of the generalized Brauer group is to the twisted K-
theory. More precisely, M. Atiyah and G. Segal posed in [2] the problem of finding
of a geometrical approach to more general twistings than the one comes from pro-
jective unitary group PU(H) of the Hilbert space H . Recall that PU(H) ≃ CP∞,
so BPU(H) ≃ K(Z, 3). For any element α ∈ H3(X ;Z) = [X, K(Z, 3)] (i.e. actually
for a CP∞-bundle with the structure group PU(H)), in particular, for elements of
Br(X) = H3tors(X ;Z), one can define a “twisted K-group” K
0
α(X) as the group of ho-
motopy classes of sections of the Fred(H)-bundle associated with α [2]. So let us give
the analogous construction for bundles with the structure group N
×
k .
Remark 52. Recall that N
×
k -bundles represent elements of the generalized Brauer group.
It seems reliable that the twisted K-theory associated with such a bundle depends only
on the corresponding element of the generalized Brauer group, i.e. on the class of such
a bundle modulo im(ĥ∗) (cf. Proposition 54 below).
Of course, the group N
×
k ⊂ Mk(B(H)) naturally acts on H
k, but it is more fruit-
ful to treat it as an extension of N
×
1 = N
×
k0 = B(H). More precisely, put Fredk :=
Nk ∩Fred(H
k) = π−1k (GL1(∆k)), where Fred(H
k) ⊂ Mk(B(H)) denotes the space of
Fredholm operators contained in Mk(B(H)). We have the fibration Fredk → GL1(∆k)
with fiber an affine space over ker(πk) = Mk(K(H)). In particular, the projection
Fredk → GL1(∆k) is a homotopy equivalence. Moreover, there are natural inclusions
Fredk → Fredk2 → . . . such that the diagram (consisting of homotopy equivalences)
Fredk
≃ //
Mk(K(H))

Fredk2
M
k2(K(H))

GL1(∆k)
= // GL1(∆k2)
commutes.
Note also that there is the commutative diagram
N
×
k
⊂ //
GLk(K(H))

Fred0k
Mk(K(H))yyrrr
rr
rr
rr
r
GL1(∆k)
0,
where both down-directed arrows are bundles with the marked fibres.
Clearly, the group N
×
k naturally acts on Fredk ⊂Mk(B(H)) by conjugations. More-
over, this action is compatible with the fibration pk : Fredk → GL1(∆k) in the sense
that the diagram
N
×
k ×Fredk
ϕk //
id×pk

Fredk
pk

N
×
k ×GL1(∆k)
ϕ¯k // GL1(∆k)
(25)
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commutes (where ϕk is the mentioned action and ϕ¯k is the natural action on the
group of invertible elements of Calkin algebra). In particular, the projection pk is
N
×
k -equivariant, i.e. it commutes with the actions.
Thus for a given N
×
k -cocycle on X we can associate the corresponding Fredk-bundle
F˜redk → X and define the corresponding twisted K-theory as the set of homotopy
classes of sections of this bundle. Since the space Fredk is a topological monoid with
respect to the composition of Fredholm operators, and the group action preserves the
composition, we see that this set is actually a group.
Remark 53. Note that the action N
×
k ×Fred(H
k) → Fred(Hk) can be extended to
the action of the group GLk(B(H)) ⊃ N
×
k which is contractible. Therefore for any
Fred(Hk)-bundle with the structure group N
×
k there exists a fiberwise homeomorphism
with the product bundle X × Fred(Hk). But the action ϕk : N
×
k ×Fredk → Fredk
cannot be extended to the action of GLk(B(H)) (the latter group does not preserve
the subspace Fredk ⊂ Fred(H
k)). That’s why we consider the action ϕk on Fredk.
Proposition 54. Suppose our N
×
k -cocycle over X comes from some GLk(K(H))-
cocycle (recall that GLk(K(H)) is a subgroup in N
×
k ). Then the corresponding twisted
K-theory is isomorphic to the untwisted one KC(X).
Proof. Recall that GLk(K(H)) ⊂ N
×
k is the kernel of the natural homomorphism
N
×
k → GL1(∆k)
0. The N
×
k -equivariant projection pk : Fredk → GL1(∆k) defines the
fiberwise map
F˜redk

p˜k // ˜GL1(∆k)
zzttt
tt
tt
tt
t
X,
where ˜GL1(∆k) → X is the GL1(∆k)-bundle associated with the same N
×
k -cocycle as
F˜redk (using the action ϕ¯k, see diagram (25)). Since the subgroup GLk(K(H)) ⊂ N
×
k
is contained in the kernel of the action ϕ¯k : N
×
k ×GL1(∆k) → GL1(∆k), we see that
˜GL1(∆k)→ X is a trivial fibration. But the sets (actually groups) of homotopy classes
of sections of two fibrations F˜redk → X and ˜GL1(∆k) → X are naturally isomorphic,
because p˜k is obviously a fiberwise homotopy equivalence. 
Remark 55. Let us remark that our generalized Brauer group generalizes the classical
Brauer group (corresponding to the elements of finite order in H3(X ;Z)), but not the
infinite order case corresponding to the Dixmier-Douady class of a principal PU(H)-
bundle [8]. In order to obtain a further generalization we have to extend sequence
(14) up to the sequence BGLk∞(K(H))
ĥ′
k∞−→ BN×k∞
B p˜ik∞−→ BGL1(∆k∞)
0 (cf. the fibration
BU(k∞)→ BPU(k∞)→ K(Z, 3)).
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